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Abstract
Recent lattice results suggest the existence of a gap-less mode of the singlet Higgs eld.
We present a description of spontaneous symmetry breaking in λ4 theories showing why
one is faced with long-wavelength, collective modes of the scalar condensate with ~E(p) ! 0
energy in the p! 0 limit.
1. Introduction
Following analogies with condensed matter physics, the idea of a ‘condensed vacuum’ is also
playing an increasingly important role in particle physics. Indeed, scalar, gluon and fermion
condensates are basic ingredients in the present description of electroweak and strong inter-
actions where one introduces a set of elementary quanta whose perturbative vacuum state joi
is not the physical ground state jvi of the interacting theory.
As pointed out in ref.[1], the issue of vacuum condensation in Lorentz-invariant theo-
ries is somewhat controversial, in view of the apparent contradiction between exact Lorentz-
invariance and a non-vanishing energy-density for the vacuum. For this reason, it has been
suggested that the origin of vacuum condensation may reflect a ‘principal violation’ [1] of
Lorentz-invariance, as in the case of the existence of a fundamental length scale associated
with an ultimate ultraviolet cuto .
This remark is even more relevant if one attempts to model the world as a sequence of
eective theories embedded one into the other. In this approach, the problem of exact Lorentz-
covariance in an intermediate description is unavoidable since the cuto will never be really
sent to innity. However, even in a fully continuum, quantum-eld theoretical approach [2] to
(λ4)4 theory, where the vacuum is found to have exactly zero energy-density, one nds a non-
trivial distribution function f(p2)  hNpi of the elementary quanta in the non-perturbative
vacuum. For this reason, in the p ! 0 limit, where the f(p2) function yields signicant
contributions, the propagation in the physical ground state resembles the one in a condensed
medium [2].
Here we shall adopt the point of view that Lorentz-covariance has to become exact in the
double limit where both the quantization volume and the ultraviolet cuto are sent to innity.
However, for nite  one may be faced with deviations from an exact Lorentz-covariant energy
spectrum that depend, in general, on the peculiar nature of the ground state. In this sense, the
formation of a ‘condensed vacuum’, dened by a macroscopic occupation of the same quantum
state, may represent the operative construction of a preferred reference frame suggesting non-
Lorentz-covariant eects associated with the long-wavelength excitations of the condensed
phase.
To understand the underlying mechanisms, in the case of spontaneously broken scalar
theories, we observe preliminarly that for an interacting system the condensed vacuum cannot
be a pure Bose condensate. Other components are needed from purely phase-space arguments
and take into account all possible processes that, with the same average particle density, can
‘deplete’ the p = 0 state.
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We shall assume that condensation extends up to some typical momentum jpj  δ and is
controlled by an unknown distribution function fδ(p2) of the elementary quanta. It is clear
that δ ! 0 in the limit of a vanishingly small interaction where fδ(p2) becomes non zero only
for p = 0. Therefore, in the ‘trivial’ [4] λ4 theories, we expect the pure Bose condensate
to become a better and better approximation to the spontaneously broken vacuum when
approaching the continuum limit of quantum eld theory.
Let us now consider the excitation spectrum ~EΛ(p) of the cuto theory in the limit when
fδ(k2) is very strongly peaked at k = 0 and vanishes very quickly for jkj 6= 0. In this case,
we can easily understand the crucial dierence with the usual perturbative vacuum. There,
the low-lying excitations correspond to single particle states with
√
p2 + m2 energy and one
has to reach jpj  m values before two-particle excitations can become important. Here, in
the condensed vacuum, for jpj < δ it is energetically more convenient to split the momentum
among a large number of quanta. This costs very little energy analogously to the small
displacements of atoms from their equilibrium positions, at the base of the propagation of
elastic waves in continuous media. On the other hand, for momenta larger than δ, where
the condensed vacuum looks ‘empty’, a Lorentz-covariant spectrum applies, say
√
p2 + M2h .
Since δ ! 0 when  !1, the form
√
p2 + M2h would hold everywhere in a strictly continuum
theory but, at nite , one has deviations from exact Lorentz-covariance in an innitesimal
region of momenta jpj < δ (or equivalently for fluctuations with wavelengths larger than δ−1).
The possibility that the ‘Higgs mass’ Mh diers non-trivially from the energy-gap ~EΛ(0)
of the broken phase has been objectively addressed [3] with lattice simulations. To this end
the energy spectrum was measured from the exponential decay of the connected correlator at
various values of jpj. In this analysis, by approaching the continuum limit, one expects to
nd a region of 3-momentum where indeed ~EΛ(p) is well reproduced by the asymptotic form√
p2 + M2h . The delicate issue is whether this region extends down to p = 0 and whether the
value of Mh determined in this way agrees with the value of the energy gap ~EΛ(0). To exclude
possible trivial eects, one should also repeat the same analysis in the symmetric phase and
compare the corresponding measured energy spectrum EΛ(p) with the form
√
p2 + m2. In
the symmetric phase the lattice data [3] give EΛ(0) = m to very high accuracy as expected.
However, in the broken phase, ~E2Λ(p) − p2 depends on jpj when p ! 0 and therefore the
attempt to extract Mh from the low-momentum data becomes problematic. If, on the other
hand, Mh is extracted from the higher-momentum data where ~E2Λ(p) − p2 does not depend
on jpj, then one nds ~EΛ(0) < Mh with a discrepancy between the two values that seems to
increase when taking the continuum limit.
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Moreover, new data [5] show that, for the same lattice action, by increasing the lattice size
one nds the same Mh at high momenta but smaller and smaller values of ~EΛ(0). Namely, by
using the same lattice parameters that on a 204 lattice give [6] ~EΛ(0) = 0.3912  0.0012, one
nds [5] ~EΛ(0) = 0.38260.0041 on a 244 lattice, ~EΛ(0) = 0.34150.0085 on a 324 lattice and
~EΛ(0) = 0.303  0.026 on a 404 lattice. Therefore, dierently from Mh, which is associated
with the higher-momentum part of the energy spectrum, the energy-gap in the broken phase
is an infrared-sensitive quantity that, conceivably, vanishes in the innite-volume limit.
An indication in this sense will be obtained in the next section by studying the p ! 0
limit of the propagator ~G(p). The result is very simple and can be understood by considering
the following equation
f−1(x) = 1 + x2 − g2x2f(x) (1.1)
that bears some analogy to the actual physical situation. In the x ! 0 limit there are two
distinct limiting behaviours : a) f(x) ! 1 and b) f(x)  1
g2x2
! +1 but only the former





for g2 = 0. In the case of λ4 theory, the gapless mode in the broken phase corresponds to
the b) type of behaviour.
2. Solving the gap equation for p! 0




 ϕT (ϕ2) (2.1)
and considering those values ϕ = v 6= 0 where
T (ϕ2) = 0 (2.2)
One usually assumes a non-singular zero-momentum propagator ~G(0) and neglects, at ϕ = v,
the one-particle reducible, zero-momentum tadpole contributions. Indeed, these are propor-
tional to the product T (ϕ2) ~G(0) that vanishes, if ~G(0) is non-singular allowing the identi-
cation of ~G−1(p) with its 1PI expression ~G−1(p)j1PI  Γ2(p). However, in order to check
this assumption, one has to control the propagator in a small region of ϕ− values around the
minima. In this case, the inverse propagator is given by
~G−1(p) = Γ2(p)− ϕτΓ3(p, 0,−p) + (ϕτ)
2
2!
Γ4(0, 0, p,−p) − (ϕτ)
3
3!
Γ5(0, 0, 0, p,−p) + .. (2.3)
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where we have dened
τ  ~G(0)T (ϕ2) (2.4)












and Γ3(p, 0,−p) = λϕ, Γ4(0, 0, p,−p) = λ (with all Γn vanishing for n > 4). In this case the








~G−1(p) = p2 +
λv2
3
at ϕ = v (2.8)






[τ2 − 2τ + 2
3
] = 0 (2.9)
which implies limiting values τ = 1 1p
3
for which
~G−1(p) = p2 at ϕ = v (2.10)
In general, one can use the relation of the zero-momentum proper vertices with the eective
potential













Therefore, nding the singular solution of the gap-equation ~G−1(0) = 0 is equivalent to
determine that value of ϕ2  v2(1 − τ)2 where d2Veff
dϕ2











the required values are τ = 1  e−1/3. Such solutions should be found in any approximation
to the eective potential since their existence depends on the very general assumptions of the
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dx  t(x), one nds the general relation τ = 1 
p
xo where 0  xo  1 is the
solution of the equation
T (xo) + 2xot(xo) = 0 (2.14)
Now, by choosing the singular solutions corresponding to ~G−1(0) = 0, one always ends up, at
ϕ = v, with a form of ~G−1(p) that vanishes when pµ ! 0 implying the existence of gap-less
modes whose energy also vanishes when p! 0. We can express the required relations for the




2 at ϕ = v (2.15)
that describe long-wavelength collective excitations of the scalar condensate.
Although determining the ηΛ’s would require an analytical solution of the gap-equation at
non-zero momenta, one can draw a certain number of general conclusions. A rst observation
is that the two distinct solutions for τ may correspond to dierent ηΛ’s meaning that the
scalar condensate can support dierent types of oscillations. Think for instance of superfluids
where the velocity of second sound c2 approaches the csp3 value when the temperature T ! 0,
cs being the velocity of (rst) sound [7].
A second observation is that the possible limiting values for the ηΛ’s can easily be guessed
by imposing the requirement of a Lorentz-covariant spectrum in the continuum limit  !1.
In this case, there are only two possibilities, namely







The limit in (2.16) corresponds to ordinary massless elds, quite unrelated to the usual massive
Higgs particle. This scenario nds support in the tree-level approximation Eqs.(2.5)-(2.10).
On the other hand, the alternative (2.17) corresponds to the point of view expressed in the
Introduction. This can easily be understood by noticing that in the presence of several solu-
tions of the gap-equation, the physical energy spectrum is determined by the lowest excitations
for each region of momenta. Therefore, if there is a massive mode, the form
√
p2 + M2h has
to evolve somehow into Eq.(2.15) for p! 0. By denoting jpj  δ  Mh the typical range of
momenta where the transition takes place, this leads to ηΛδ2  M2h . However, exact Lorentz-




can only reduce to the zero-measure set pµ = 0, the only value of the 4-momentum that is
left invariant by the transformations of the Poincare group. Therefore, in the continuum limit
of the broken phase ηΛ ! 1 meaning that the form
√
p2 + M2h holds ‘almost’ everywhere,
i.e. with the exception of the point p = 0 where one has ~E(0) = 0. One such example is
represented by the toy-model





























Mh = 0 (2.20)
provided jpjMh > 0. Nevertheless, for any  there is a far infrared region of momenta near p = 0
where Mh and ~EΛ(p) dier non trivially.
This scenario is supported by the experimental example of superfluid He4. In this case
the same spectrum has two dierent branches: a phonon branch ωph(p) = csjpj describing
the spectrum for p! 0 and a roton branch ωrot(p) =  + jpj
2
2µ starting at momenta jpj > p0.
With this analogy, (2.17) would represent the matching at jpj  δ  Mh between a ‘phonon’
with sound velocity cs =
p
ηΛ and a ‘Lorentz-covariant roton’ with  = µ  Mh.
We conclude this section with the remark that Eq.(2.15) does not depend on the existence
of a continuous symmetry and would be the same in a spontaneously broken O(N) theory
where the tadpole function of the σ−eld Tσ(ϕ)  m2pi plays the role of a mass term for the
pi-elds. Notice that, by computing the eective action beyond perturbation theory, the two
point function of the σ−eld Γσ(p) is non-singular at p = 0 [8], dierently from the original
perturbative analysis of [9]. In the same approximation [8], the pi−elds decouple from each
other and from the σ−eld.
3. Summary and outlook
In this Letter, we have presented several arguments that, quite independently of the Goldstone
phenomenon, suggest the existence of gap-less modes of the scalar condensate in the broken
phase of λ4 theories. Although the proof can be purely diagrammatic, this result will be
better understood by representing spontaneous symmetry breaking as a real condensation
process of physical quanta [10], along the lines presented in the Introduction. In this way,
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one can also understand the puzzling lattice data of ref.[5]. These show that the energy-
gap in the broken phase of a one-component λ4 theory is not the ‘Higgs mass’ Mh but an
infrared-sensitive quantity that, conceivably, vanishes in an innite volume.
Now, it is well known that condensed-matter systems can support long-range forces even
with elementary constituents that only have short-range 2-body interactions. For this reason,
it should not be surprising that a gap-less collective mode in the condensed phase of λ4
theories will give rise to a long-range potential. In the case of the singlet Higgs eld, however,
this long-range force would survive after coupling the scalar elds to gauge bosons. The
phenomenological aspects of this analysis and a possible wider theoretical framework will be
presented elsewhere.
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